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a b s t r a c t
We estimate the essential norm of weighted composition operators uCϕ acting on Bloch-
type spaces Bα in terms of the analytic function u:D → C and the n-th power of the
analytic selfmap ϕ of the open unit disc D. We obtain new characterizations for bounded-
ness and compactness of uCϕ :Bα → Bβ for all 0 < α, β < ∞, thus answering an open
problem of Manhas and Zhao concerning the case α = 1.
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1. Introduction
Recently interest has arisen to characterize boundedness and compactness of composition operators Cϕ on Bloch-type
spaces in terms of the n-th power of the analytic selfmap ϕ of the open unit discD. In [1]Wulan, Zheng and Zhu showed that
the composition operator Cϕ on the Bloch space B is compact if and only if ∥ϕn∥B → 0 as n → ∞, where ϕn denotes the
n-th power of the analytic selfmap ϕ. Following their approach, Zhao [2] obtained an essential norm formula for
Cϕ:Bα → Bβ in terms of ϕn. In [3] Hyvärinen et al. generalized thework of Zhao to hold for composition operators between
Bloch-type spaces with general radial weights. The natural question to ask is whether the essential norm formula for
composition operators between Bloch-type spacesBα can be generalized to weighted composition operators. Very recently
Manhas and Zhao [4] showed that the question has an affirmative answer when α ≠ 1; however, they were not able to
estimate the essential norm of weighted composition operators uCϕ on the Bloch spaceB.
In this paper we solve the open problem. Moreover, we present a direct method to calculate the essential norm of
weighted composition operators uCϕ acting on all Bloch-type spacesBα in terms of u and ϕn. Our approach is mainly based
on known estimates of the essential norm of weighted composition operators between Bloch-type spaces [5] (see also [6])
and a very useful essential norm formula for weighted composition operators uCϕ acting on weighted Banach spaces of
analytic functions with general radial weights from [3]. We also obtain new characterizations for bounded and compact
weighted composition operators between Bloch-type spaces.
Let ϕ and u be analytic maps on the open unit disc D of the complex plane C such that ϕ(D) ⊂ D. On the space H(D) of
analytic functions on D these maps induce via composition and multiplication a linear weighted composition operator uCϕ
given by (uCϕ)(f ) = u(f ◦ ϕ).
The Bloch space of v-type
Bv =

f ∈ H(D); ∥f ∥Bv := sup
z∈D
v(z)|f ′(z)| <∞

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is a Banach space endowedwith the norm |f (0)|+∥f ∥Bv , where theweight v:D→ R+ is a continuous, strictly positive and
bounded function. We also use the Bloch space of v-type (modulo constant functions) defined by B˜v =

f ∈ Bv; f (0) = 0

with the norm ∥ · ∥Bv .
For the standard weights vα(z) = (1 − |z|2)α , where α > 0, we denote Bα := Bvα ; when α = 1, we get the classical
Bloch spaceB. Besides the standard weights vα , we also consider the logarithmic weight
vlog(z) =

log

e
1− |z|2
−1
, z ∈ D.
Moreover, we need the weighted Banach spaces of analytic functions
H∞v :=

f ∈ H(D); ∥f ∥v := sup
z∈D
v(z)|f (z)| <∞

endowed with the norm ∥ · ∥v . The weight v is called radial, if v(z) = v(|z|) for all z ∈ D. The so-called associated weight
(see [7]) is an important tool to handle problems in the setting of weighted Banach spaces of analytic functions.
For a weight v the associated weight v˜ is defined by
v˜(z) :=

sup
|f (z)|; f ∈ H∞v , ∥f ∥v ≤ 1−1, z ∈ D.
For standard weights vα , it is well-known that the associated weight v˜α = vα . Moreover, it is not difficult to see that also
v˜log = vlog. Indeed, it is clear that v˜(z) = v(z), when
v(z) =

max
|g(w)|; |w| = |z|−1
is a weight for some g ∈ H(D). Hence the statement follows with g(z) = log

e
1−z2

.
The essential norm ∥T∥e,X→Y of a bounded operator T : X → Y is defined as the distance from T to the space of compact
operators.
For a discussion of composition operators on classical spaces of analytic functions we refer the reader to the excellent
monographs [8,9]. The set of all natural numbers is denoted by N.
2. Preliminary results and useful tools
It is straightforward to see that the weighted composition operator uCϕ maps H∞v boundedly into H∞w if and only if
sup
z∈D
w(z)|u(z)|
v˜(ϕ(z))
<∞ (2.1)
with norm equal to the above supremum. Moreover, if v and w are radial non-increasing weights tending to zero at the
boundary of D, then it is known (see [10, p. 875], and [11]) that the essential norm of such an operator is given by
∥uCϕ∥e,H∞v →H∞w = limr→1 sup|ϕ(z)|>r
w(z)|u(z)|
v˜(ϕ(z))
. (2.2)
For a weight v, consider the bounded operators Sv: B˜v → H∞v , Sv(h) = h′ and S−1v :H∞v → B˜v, (S−1v h)(z) =
 z
0 h(ξ) dξ .
Then Sv ◦ S−1v = id H∞v , S−1v ◦ Sv = id B˜v and it is obvious that Sv and S−1v are isometric onto maps.
Some useful properties of the norm of the monomial zn with respect to the standard weights vα and the logarithmic
weight vlog are stated in the next lemma.
Lemma 2.1. Let v be a weight. Then
(a) n∥zn−1∥v = ∥zn∥Bv for all n ∈ N.
(b) ∥zn∥vα =
 2α
n+2α
α n
n+2α
n/2
for all n ∈ N.
(c) limn→∞(n+ 1)α∥zn∥vα = limn→∞ nα−1∥zn∥Bα =
 2α
e
α
.
(d) limn→∞ log(n)∥zn∥vlog = limn→∞ log(n−1)n ∥zn∥Bvlog = 1.
Proof. The cases (a), (b) and (c) are easily verified. Indeed, since Sv is an isometry, we have that n∥zn−1∥v = ∥Sv(zn)∥v =
∥zn∥Bv for all n ∈ N. It is straightforward to check that ∥zn∥vα =
 2α
n+2α
α n
n+2α
n/2
for all n ∈ N, and hence it follows
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that
lim
n→∞ n
α−1∥zn∥Bα = limn→∞(n+ 1)
α∥zn∥vα =

2α
e
α
.
A detailed treatment for (b) can be found in [2].
To prove (d) we proceed as follows. For 0 < r < 1 we denote
f (r) := r
n
log

e
1−r2
 = rn
1− log(1− r2) .
Then f ′(r) = 0 if and only if 1− log(1− r2) = 2r2
n(1−r2) . Putting y = e1−r2 yields
y = e+ ne
2
log y.
It is easy to verify that the unique solution of the above equation satisfies
e+ ne
2
log
n
2
< y < e+ ne
2
2
log
n
2
for n ≥ 9,
and thus for such n,
n
2 log
n
2
1+ n2 log n2
< r2 <
ne
2 log
n
2
1+ ne2 log n2
.
Hence we have the following estimates for ∥zn∥vlog :
∥zn∥vlog ≥

n
2 log
 n
2

1+ n2 log
 n
2
 n2 loge+ ne2
2
log
n
2
−1
,
∥zn∥vlog ≤

ne
2 log
 n
2

1+ ne2 log
 n
2
 n2 log e+ ne
2
log
n
2
−1
.
We conclude that log(n)∥zn∥vlog → 1 as n →∞. Since
log(n− 1)∥zn−1∥vlog =
log(n− 1)
n
∥zn∥Bvlog ,
also the last statement follows. 
For an analytic function u ∈ H(D), we define two integral operators by
Iuf (z) =
 z
0
f ′(ξ)u(ξ) dξ,
Juf (z) =
 z
0
f (ξ)u′(ξ) dξ
for all f ∈ H(D) and z ∈ D. The operator Ju is usually called Cesàro-type operator or Riemann–Stieltjes integral operator.
Recently several authors have studied this operator acting on different analytic function spaces. For example, Aleman and
Siskakis [12] studied in detail the operator Ju acting on Bergman spaces.
Lemma 2.2. Let n ∈ N be fixed and v a weight. Suppose that uϕ′ϕn−1 ∈ H∞v and u′ϕn ∈ H∞v . Then
∥uϕ′ϕn−1∥v = 1n ∥Iu(ϕn)∥Bv and ∥u′ϕn∥v = ∥Ju(ϕn)∥Bv .
Proof. It is straightforward that
∥uϕ′ϕn−1∥v =
S−1v u1nϕn
′
Bv
= 1
n
Iu(ϕn)Bv
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and also
∥u′ϕn∥v = ∥S−1v (u′ϕn)∥Bv = ∥Ju(ϕn)∥Bv . 
The following theorem (see [3, Theorem 2.4]) is very crucial for obtaining our main results.
Theorem 2.3. Let v andw be radial, non-increasing weights tending to zero at the boundary of D. Then
(a) the weighted composition operator uCϕ maps H∞v boundedly into H∞w if and only if
sup
n≥0
∥uϕn∥w
∥zn∥v <∞
with norm comparable to the above supremum.
(b) ∥uCϕ∥e,H∞v →H∞w = lim supn→∞ ∥uϕ
n∥w
∥zn∥v .
3. Boundedness
In this section we obtain by using Theorem 2.3 characterizations for bounded weighted composition operators uCϕ from
Bα intoBβ in terms of u and the n-th power of ϕ for all 0 < α, β < ∞. In [4], Manhas and Zhao gave long and somewhat
technical proofs of these characterizations for α ≠ 1 but the case α = 1, that is, the classical Bloch space, was left as an
open problem.
Theorem 3.1. Let ϕ:D→ D be an analytic map, u ∈ H(D) and 0 < β <∞.
(a) If 0 < α < 1, then uCϕ mapsBα boundedly intoBβ if and only if ∥u∥Bβ <∞ and
sup
n≥1
nα−1 ∥Iu(ϕn)∥Bβ <∞.
(b) If α = 1, then uCϕ mapsBα boundedly intoBβ if and only if ∥u∥Bβ <∞,
sup
n≥1
∥Iu(ϕn)∥Bβ <∞ and sup
n≥1
log(n)∥Ju(ϕn)∥Bβ <∞.
(c) If α > 1, then uCϕ mapsBα boundedly intoBβ if and only if
sup
n≥1
nα−1∥Iu(ϕn)∥Bβ <∞ and sup
n≥1
nα−1∥Ju(ϕn−1)∥Bβ <∞.
Proof. (a) By Ohno et al. [6, Theorem 2.1 (i)], for 0 < α < 1, uCϕ mapsBα boundedly intoBβ if and only if u ∈ Bβ and
sup
z∈D
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α <∞.
By formula (2.1), this last condition means exactly that uϕ′Cϕ maps H∞vα boundedly into H
∞
vβ
, which by Theorem 2.3 and
Lemmas 2.1 and 2.2 is equivalent to
sup
n≥1
∥uϕ′ϕn−1∥vβ
∥zn−1∥vα
≈ sup
n≥1
nα−1∥Iu(ϕn)∥Bβ <∞.
(b) When α = 1, we get from [6, Theorem 2.1 (ii)] that uCϕ mapsBα boundedly intoBβ if and only if
sup
z∈D
|u′(z)|(1− |z|2)β
log e
1−|ϕ(z)|2
−1 <∞ and sup
z∈D
|u(z)ϕ′(z)|(1− |z|2)β
1− |ϕ(z)|2 <∞.
Equivalently, the first condition means that u′Cϕ maps H∞vlog boundedly into H
∞
vβ
and the second condition means that uϕ′Cϕ
maps H∞v1 boundedly into H
∞
vβ
. Now we can use Theorem 2.3 and Lemmas 2.1 and 2.2 to conclude that the above two
conditions are equivalent to the following ones:
sup
n≥0
∥Ju(ϕn)∥Bβ
∥zn∥vlog
≈ max

∥u∥Bβ , sup
n≥1
log(n)∥Ju(ϕn)∥Bβ

<∞,
sup
n≥1
∥Iu(ϕn)∥Bβ <∞.
(c) By Ohno et al. [6, Theorem 2.1 (iii)] we have for α > 1 that uCϕ mapsBα boundedly intoBβ if and only if
sup
z∈D
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 <∞ and supz∈D
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α <∞.
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The first condition means exactly that u′Cϕ maps H∞vα−1 boundedly into H
∞
vβ
and the second condition that uϕ′Cϕ maps
H∞vα boundedly into H
∞
vβ
. Again, we are in the position to use Theorem 2.3 and Lemmas 2.1 and 2.2 to obtain that the above
two conditions are equivalent to
sup
n≥1
nα−1∥Ju(ϕn−1)∥Bβ <∞ and sup
n≥1
nα−1∥Iu(ϕn)∥Bβ <∞. 
Let us now study the two conditions of Theorem 3.1 (b) based on two examples due to Manhas and Zhao in [4]. They
found it curious that for uCϕ to be bounded fromB intoBβ , it is necessary that
sup
n≥1
∥Iu(ϕn)∥Bβ <∞ and sup
n≥1
∥Ju(ϕn)∥Bβ <∞,
but these conditions are not sufficient. These facts are shown for 1 ≤ β < ∞ in [4]. First we consider 1 < β < ∞ and let
u(z) = (1− z)1−β , ϕ(z) = z and f (z) = log  21−z . Then u ∈ Bβ , f ∈ B and
∥Iu(ϕn)∥Bβ ≤ 2β and ∥Ju(ϕn)∥Bβ ≤ ∥u∥Bβ .
Further, ∥uCϕ(f )∥Bβ = ∞, so uCϕ:B → Bβ is not bounded.
The first condition in Theorem 3.1 (b) is of course satisfied, so we concentrate on the second one. Since, by Lemma 2.2,
∥Ju(ϕn)∥Bβ = ∥u′ϕn∥vβ ≥ (β − 1) sup
0<r<1
rn(1− r2)β
(1− r)β ≥ (β − 1)
we get that
sup
n≥1
log(n)∥Ju(ϕn)∥Bβ ≥ (β − 1) sup
n≥1
log(n) = ∞,
which shows that the second condition in Theorem 3.1 (b) is not fulfilled.
Second, we consider the case β = 1. Following Manhas and Zhao, we pick a function u ∈ H∞(D) ⊂ B which is not in
the small Bloch space B0 and let ϕ(z) = z. In [4] it is shown that both the necessary conditions are fulfilled and that the
operator uCϕ is not bounded onB. Since u ∉ B0, there is ε > 0 and a sequence (zk) in D such that |zk| → 1 as k →∞ and
|u′(zk)|(1− |zk|2) ≥ ε for all k. Now
∥Ju(ϕn)∥B = ∥u′ϕn∥v1 ≥ ε sup
k∈N
|zk|n = ε,
and so
sup
n≥1
log(n)∥Ju(ϕn)∥B ≥ ε sup
n≥1
log(n) = ∞.
Thus uCϕ is not bounded by Theorem 3.1 (b).
4. Estimates of essential norms
In this sectionwe present very easy proofs for the estimates of essential norms of uCϕ fromBα intoBβ for 0 < α, β <∞.
The case α ≠ 1 was originally given by Manhas and Zhao in [4], and the case α = 1 was left open in [4].
Theorem 4.1. Let ϕ:D → D be an analytic map, u ∈ H(D) and 0 < β < ∞. If 0 < α < 1 and uCϕ:Bα → Bβ is bounded,
then
∥uCϕ∥e,Bα→Bβ =
 e
2α
α
lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ .
Proof. By MacCluer and Zhao [5, Theorem 3] and formula (2.2) together with Theorem 2.3 and Lemmas 2.1 and 2.2 we
obtain that
∥uCϕ∥e,Bα→Bβ = lim sup|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α = ∥uϕ
′Cϕ∥e,H∞vα→H∞vβ
= lim sup
n→∞
∥uϕ′ϕn−1∥vβ
∥zn−1∥vα
= lim sup
n→∞
1
n ∥Iu(ϕn)∥Bβ
∥zn−1∥vα
=
 e
2α
α
lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ . 
Now we turn to the most important case, that is, to estimate the essential norm of uCϕ on the classical Bloch spaceB.
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Let us denote
A := e
2
lim sup
n→∞
∥Iu(ϕn)∥Bβ ,
B := lim sup
n→∞
log(n)∥Ju(ϕn)∥Bβ .
Theorem 4.2. Let ϕ:D→ D be an analytic map, u ∈ H(D) and 0 < β <∞. If α = 1 and uCϕ:Bα → Bβ is bounded, then
max

A,
1
6
B

≤ ∥uCϕ∥e,Bα→Bβ ≤ A+ B.
Proof. By MacCluer and Zhao [5, Theorem 4], the essential norm of uCϕ:B → Bβ satisfies the following estimates:
∥uCϕ∥e,Bα→Bβ ≥ max
lim sup
|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
1− |ϕ(z)|2 ,
1
6
lim sup
|ϕ(z)|→1
|u′(z)|(1− |z|2)β
log e
1−|ϕ(z)|2
−1
 ,
∥uCϕ∥e,Bα→Bβ ≤ lim sup|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
1− |ϕ(z)|2 + lim sup|ϕ(z)|→1
|u′(z)|(1− |z|2)β
log e
1−|ϕ(z)|2
−1 .
As in the proof of Theorem 4.1,
lim sup
|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
1− |ϕ(z)|2 =
e
2
lim sup
n→∞
∥Iu(ϕn)∥Bβ = A.
From formula (2.2), Theorem 2.3 and Lemmas 2.1 and 2.2 we get
lim sup
|ϕ(z)|→1
|u′(z)|(1− |z|2)β
log e
1−|ϕ(z)|2
−1 = ∥u′Cϕ∥e,H∞vlog→H∞vβ = lim supn→∞ ∥u
′ϕn∥vβ
∥zn∥vlog
= lim sup
n→∞
∥Ju(ϕn)∥Bβ
∥zn∥vlog
= lim sup
n→∞
log(n)∥Ju(ϕn)∥Bβ = B.
Thus the statement is proved. 
For the case α > 1 we need the following quantities
C :=
 e
2α
α
lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ ,
D :=

e
2(α − 1)
α−1
lim sup
n→∞
nα−1∥Ju(ϕn−1)∥Bβ .
Theorem 4.3. Let ϕ:D→ D be an analytic map, u ∈ H(D) and 0 < β <∞. If α > 1 and uCϕ:Bα → Bβ is bounded, then
max

C
21+α(3α + 2) ,
D
21+α 3α(α + 1)

≤ ∥uCϕ∥e,Bα→Bβ ≤ C + D.
Proof. By modifying the argument in the proof of [6, Theorem 3.1 (iii)] we obtain the following estimate for the essential
norm of uCϕ:Bα → Bβ (for details, see the proof of (21) and (22) in [4]):
max

C(α) lim sup
|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α ,D(α) lim sup|ϕ(z)|→1
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1

≤ ∥uCϕ∥e,Bα→Bβ ≤ lim sup|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α + lim sup|ϕ(z)|→1
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 ,
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where C(α) = 21+α(3α + 2)−1 and D(α) = 21+α3α(α + 1)−1. Now we get by using formula (2.2), Theorem 2.3 and
Lemmas 2.1 and 2.2 that
lim sup
|ϕ(z)|→1
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 = ∥u
′Cϕ∥e,H∞vα−1→H∞vβ = lim supn→∞
∥u′ϕn∥vβ
∥zn∥vα−1
= lim sup
n→∞
∥Ju(ϕn)∥Bβ
∥zn∥vα−1
=

e
2(α − 1)
α−1
lim sup
n→∞
nα−1∥Ju(ϕn−1)∥Bβ
and
lim sup
|ϕ(z)|→1
|u(z)ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α = ∥uϕ
′Cϕ∥e,H∞vα→H∞vβ =
 e
2α
α
lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ .
This concludes the estimates. 
From the above theorems we immediately obtain the following corollary.
Corollary 4.4. Let ϕ:D→ D be an analytic map, u ∈ H(D) and 0 < β <∞.
(a) If 0 < α < 1 and uCϕ:Bα → Bβ is bounded, then uCϕ:Bα → Bβ is compact if and only if
lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ = 0.
(b) If α = 1 and uCϕ:Bα → Bβ is bounded, then uCϕ:Bα → Bβ is compact if and only if
lim sup
n→∞
∥Iu(ϕn)∥Bβ = 0 and lim sup
n→∞
log(n)∥Ju(ϕn)∥Bβ = 0.
(c) If α > 1 and uCϕ:Bα → Bβ is bounded, then uCϕ:Bα → Bβ is compact if and only if
lim sup
n→∞
nα−1∥Ju(ϕn−1)∥Bβ = 0 and lim sup
n→∞
nα−1∥Iu(ϕn)∥Bβ = 0.
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